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Capobianco and Frank [1] have defined a simple graph process recursively as 
follows: 
Let G, be the graph at stage n, n = 1, 2, . . . .  G: consists of a single point. If G,  
(n = 1, 2 , . . . )  is complete, G,÷I is formed by adding a point with probability one. 
Otherwise G,+I is formed from G, either by adding a point with probability p or 
by inserting a line (i.e., edge) with probability 1 -p  = q. 
Let N, and R ,  be the number of points and the number of lines respectively of 
graph G,. Clearly N,  + R,  = n and R~ = (r~.) if G, is complete. We are interested 
in deriving the distribution of N,. Denote by ak(n) the probability that Nn = k. It 
is shown by Capobianco and Frank that for k t> 1 and n ~> 1, a~(k) satisfies the 
following recurrence relations: 
ak- l (n -  1)+ qak(n -  1) 
ak(n) = 
and a0(0)= 1.
0 
pak- l (n  - 1) + qak (n - 1) 
ff n -  1 = (~),  
if n<k or if n>(k+l )  
2 
otherwise, 
(:) 
In the terminology of a random walk, we are dealing with a reflecting barrier 
which unlike the usual situation is placed at variable points depending on the 
value of N,. Representing the addition of a point by a horizontal unit and a line 
by a vertical unit, a realization of the graph process can be represented by a lattice 
path such that for any lattice point (x, y) on the path, y <~(~). Thus there is a 
boundary path determined by the sequence of points (x, (~)), x = 0, 1 , . . .  which 
no path to (N,~,/~) can cross. See Fig. 1. 
Note that any path has at any stage a horizontal unit with probability p or a 
vertical unit with probability q except when it reaches the points (x, (~)), x = 
0, 1 , . . .  represented by a .. (We may call such points nodes. These are called 
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~ ' (N =k, R =n-k) 11 D 
Fig. 1. ~ , :  boundary path, : path to (N., R~). 
barr ier points by Capobianco and Frank [1].) In that case it has to move 
horizontal unit. 
Consider the event {N, = k} = {R, = n - k}. Let s be a positive integer such th~ 
(s - l t - -~n-k<( ; )  - 2  
In Fig. 1, s = 5. Observe that k t> s - 1 and the equality holds good when G,, 
complete in which case n -k  = (s~l). 
Let us first deal with the case k > s -  1. Then any path to (k, n -  k) can pa 
through at most s nodes and at least two nodes, viz., (0, 0) and (1, 0). T! 
probabil ity associated with any path passing through exactly r nodes (2 <~ r ~< s) 
pk-,qn-~. The number  of paths passing through r nodes can be determined 1 
Theorem 1 in [2] (also see [3, Chapter 4, Theorem 2]). In order  to use it, we sh: 
the origin to (k, n - k), interchange the axes and reverse the direction of axes. S~ 
Fig. 2. 
In Fig. 2, the boundary  and the path of Fig. 1 are displayed under the ne 
coordinate system. Represent ing a path by a non-negative non-decreasing veer 
(x l , . . . ,  xk-2), where x~ is the horizontal distance of the path f rom (n - k, k - 2 -  
I 
Fig. 2. 
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(see [2, Section 2]) the boundary has the vector representation C = (c l , . . . ,  ck-2) 
with c~ = (i-~x), i = 1 , . . . ,  s - 2, and c~ = n -  k, i = s - 1 , . . . ,  k - 2. The vector rep- 
resentation of the boundary in Fig. 2 is (1, 3, 6, 7, 7). Omitting nodes (n -  k, k) 
and (n -k ,  k -1 )  which are sure to be passed through by every path we are 
interested in the number of paths which do not cross C and touch exactly r -2  
nodes, among the remaining s -2  nodes. Let this be denoted by A(r -2 ,  s -  2; C). 
Denote by N(a~, . . . ,  a,) the number of paths which do not cross the path with 
vector representation (a l , . . . ,  an). From [3, Chapter 2, Section 2] we give two 
explicit expressions for N(a l , . . . ,  an). 
where 
Also 
N(a l , . . . ,  a,) = det (%), (3) 
nXn 
( ja~ + 1 '~ 
% = - i+ l l "  
where 
N(a l , . . . ,  a,) = det (~i), (4) 
nxn 
(-2 
n- i  / 
( a,, - a,,_j.+ l + j -1 )  
1 
(an-l-- an-,+l +j-- i -- 1) 
j - i  
when i = ] = 1, 
when ] = 1, i# 1, 
when i = 1, ] # 1, 
when i# 1, ]# 1. 
when r = s = k. (5) 
when r = s < k, 
A(r -2 ,  s -2 ;C)= N((~) - I ,  . . . ,  ( s -1 ) -1 )2  
( (1/t n-s -  2 
k -s  
1 
when 2~r<s~k-1 ,  
when 2 ~ r < s = k, 
Finally, an expression for A ( r -2 ,  s -2 ;  C) can be written as follows: 
"N( (~) - I , . . . ,  (s-l)-x,n-k,...,n-k)2 
k~s 
-N( ( r21) - l ,  ( s -1 ) - l ,n -k ,  .. n -k ) ,  
• " " ' 2 k -~ '  
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Note that when r = 2 in the first expression, the second term is zero as the first 
element in the vector is negative. 
Thus, for k > s -  1, where s is determined by (2), we have 
$ 
a , (k )= ~ A(r-2, s-2; C)pk-'q "-k, (6) 
r=2 
where A(r-2, s -2 ;  C) is given by (5). 
When k = s -  1 (i.e., when the graph is complete and n -  k = (s21)), the bound- 
ary vector becomes Co=((~), O , . . . ,  (k21)). In this case every path besides 
reaching the first two nodes also reaches the last node. Again by using Theorem 1 
in [2], we obtain 
a~(k)= )". N -1 ,  -1  pk-,q,-k +q,,-~:. (7) 
,=2 " " " ' 2 
It may be remarked that for computational purpose formula (4) is more 
advantageous than formula (3) when k is small. 
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